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Phase Separations in Mixtures of a Flexible Polymer
and a Cholesteric Liquid Crystal in the Presence

of an External Field

AKIHIKO MATSUYAMA∗

Department of Bioscience and Bioinformatics, Faculty of Computer Science and
Systems Engineering, Kyushu Institute of Technology, Iizuka, Fukuoka, Japan

We present a mean field theory to describe phase behaviors in mixtures of a flexible
polymer and a cholesteric liquid crystal under an external magnetic or electric field.
Taking into account a chiral coupling between liquid crystals under the external field, we
examine twist-untwist phase transitions and phase separations in the mixtures. Depend-
ing on the strength of the external field, we predict cholesteric-paranematic (Ch + N),
nematic-paranematic (N + pN), cholesteric-nematic (Ch + N) phase separations on
the temperature-concentration plane. We also calculate spinodal regions, which are
important in phase separation kinetics inside binodal lines.

Keywords Cholesteric Liquid Crystal; External Field; twist-untwist; nematic-
cholesteric phase transition

I. Introduction

Untwisting of a cholesteric phase by an external magnetic or electric field has been studied
theoretically [1–13] and experimentally [14–21], since it has been first observed by de
Gennes [1] and Meyer [14–16]. Applying the external field perpendicular to a helical
axis of the cholesteric phase, untwisting of the helix takes place with positive dielectric
or diamagnetic anisotropy. On increasing the external field H, the pitch p increases and
diverges at a critical value Hc of the external field. When H > Hc, we have a nematic phase,
oriented uniformly along the external field. This is known as a field-induced twist-untwist
transition (or CNT) [22].

Recently, developing the molecular theory of the cholesteric phase presented by
Lin-Liu et al. [23, 24], we have presented the mean field theory to describe phase be-
haviors of binary mixtures of a polymer and a liquid crystal, by taking into account of the
chiral coupling between the components [25].

In this paper we develop our previous theory [25] to describe untwisting of cholesteric
phases in mixtures of a flexible polymer chain and a cholesteric liquid crystal in the presence
of an external magnetic or electric field. We derive the free energy of the mixtures under
the external field and calculate the pitch and the critical field as a function of orientational
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Faculty of Computer Science and Systems Engineering, Kyushu Institute of Technology, Kawazu
680-4, Iizuka, Fukuoka 820-8502, Japan; E-mail: matuyama@bio.kyutech.ac.jp

Color versions of one or more of the figures in the article can be found online at
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34/[500] Twist-untwist in Mixtures of a Polymer and a Liquid Crystal

order parameters and concentrations. We predict the field-induced CNT on the temperature-
concentration plane and phase separations, such as a cholesteric-paranematic (Ch + pN)
and nematic-paranematic (N + pN) phase, depending on the strength of the external field.
We also calculate spinodal regions, which are important in phase separation kinetics inside
the binodal lines.

II. Free Energy of Mixtures of a Flexible Polymer and a Cholesteric Liquid
Crystal Under an External Field

A. Chiral Free Energy

Consider a binary mixture of a liquid crystal molecule and a flexible polymer chain. To
describe a cholesteric phase of the mixture, we develop a mean field model proposed by
Lin-Liu et al. [23, 24] and our previous theory [25].

Let NP be the number of a polymer chain with nP segments and NL be the number of a
low-molecular weight liquid crystal molecule of length L and diameter D. The volume of
the liquid crystal and that of the polymer chain is given by vL = (π/4) D2L and vP = a3nP ,
respectively. Let φL = vLρL and φP = vP ρP be the volume fraction of the liquid crystal
and the polymer, respectively, where ρi is the number density ρi = Ni/V of the molecule
i(= L,P ) : φL +φP = 1. Using the axial ratio nL = L/D of the liquid crystal, the volume
per a liquid crystal molecule is given by vL = a3nL where we define a3 = (π/4)D3.

The free energy consists of the following three terms:

F = Fmix + Fani + Fext . (1)

The first term in Eq. (1) is the free energy of an isotropic mixing of a polymer and a liquid
crystal molecule and is given by Flory-Huggins theory for polymer solutions [26]:

α3βFmix/V = φL

nL

lnφL + φP

nP

lnφP + χφLφP (2)

where χ is the Flory-Huggins interaction parameter between a liquid crystal and a polymer
in an isotropic phase and β = 1/kBT ; T is the absolute temperature, kB is the Boltzmann
constant.

The second term in Eq. (1) shows the free energy for cholesteric phases. The con-
figuration of the constituent molecules is characterized by its position vector r and its
orientation unit vector �, defined by a polar angle θ and an azimuthal angle φ, or solid
angle d�(= sin θdθdϕ), in a fixed coordinate frame. Let fL(n(r) · �) be the orientational
distribution function of the liquid crystal molecule, where n(r) is the local director. It should
be noted that the distribution function depends only on the relative angle between the local
director n(r) and the molecular orientation vector �. The anisotropic part of the free energy
in the second virial approximation is given by

βFani = ρL

∫
fL(n(r) · �)ln4πfL(n(r) · �)drd�

+1

2
ρ2

L

∫
fL(r1,�1)fL(r2,�2)βULL(r1,�1; r2,�2)dR, (3)
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[501]/35

where dR ≡ dr1dr2d�1�2. The first term in Eq. (3) shows the entropy changes due to
an orientational order- ing and ULL is the orientation-dependent intermolecular potential
between liquid crystal molecules. The lowest- order contributions to the interaction potential
for the cholesteric phase are given by in a series of the Legendre polynomials [24, 25, 27]:

ULL(r1,�1; r2,�2) = ULL,1(r12)(�1 × �2 · r̂12)P1(�1 · �2)

+ULL,2(r12)P2(�1 · �2), (4)

where we have truncated by P2(x). The potential ULL,1 shows the chiral interaction between
liquid crystals. The term (�1×�2 · r̂12) represents scalars coupling between orientational
and spatial variables, where r̂12 = (r2 − r1)/|r12|.

The potential ULL,2 shows the intermolecular potential that accounts for the formation
of a nematic phase, which has been used in Maier-Saupe [28] and Onsager models [29].
Following the symmetry consideration for cholesteric phases, we requires that the first term
in Eq. (4) is odd in �1 · �2 and the second term be even [30].

The last term in Eq. (1) is the magnetic (or electric) free energy relevant to orientational
order. We here consider the coupling between a liquid crystal and an external field because
we focus on flexible polymers. When the external magnetic field H is applied to the liquid
crystal molecule having a diamagnetic anisotropy �χL, the external free energy is given
by [2]

Fext = −nLρL�χL

∫
HαQαβ(r)Hβdr, (5)

where Qαβ(r) is the second rank order parameter tensor of the liquid crystal and in general
is a function of position:

Qαβ(r) ≡ ∫
fL(n(r) · �)( 3

2�α�β − 1
2 )d�,≡ 〈

3
2�α�β − 1

2δαβ

〉
, (6)

where �α is the Cartesian component of the molecular orientation vector � =
(sin θ cos ϕ, sin θ sin ϕ, cos θ ) at a position r.

Using Eq. (6), we obtain

�
fL(n(r1) · �1)fL(n(r2) · �2)P2(�1 · �2)d�1d�2 = 2

3
Qαβ(r1)Qαβ(r2), (7)

�
fL(n(r1) · �1)fL(n(r2) · �2)(�1 × �2 · r̂12)P1(�1 · �2)d�1d�2

= 4

9
εαβγ r̂12,αQβμ(r1)Qγμ(r2), (8)

where εαβγ is Levi-Civita antisymmetric tensor of the third rank and rr̂12,α is the α(= x, y, z)
component of the unit vector r̂12. We here assume that the Qαβ(r2) does not change
appreciably over the range of the potential and can be expanded in the Taylor series about
r(= |r12|):

Qαβ(r2) ≈ Qαβ(r1) + rκ

∂Qαβ(r1)

∂rκ

+ 1

2
rκrλ

∂2Qαβ(r1)

∂rκrλ

. (9)

Substituting Eq. (9) into (7) and (8), the anisotropic free energy can be expressed as

βFani/V = ρL

∫
fL(n(r) · �)ln[4πfL(n(r) · �)]d� + β(F1 + F2)/V, (10)
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36/[502] Twist-untwist in Mixtures of a Polymer and a Liquid Crystal

where we have the chiral component of the free energy

βF1 = 1

2
ρ2

LCLL

∫
4

9
εαβγ Qμβ(r1)∂αQμγ (r1)dr1, (11)

and the usual nematic free energy

βF2 = 1

2
ρ2

LALL

∫
2

3
Qαβ(r1)Qαβ(r1)dr1

+1

2
ρ2

LBLL

∫
1

3
Qαβ(r1)∂μ∂μQαβ(r1)dr1, (12)

and the coefficients are defined as

ALL ≡
∫

βULL,2(r12)dr12, (13)

BLL ≡
∫

βULL,2(r12)z2dr12, (14)

CLL ≡
∫

βULL,1(r12)
z2

r
dr12, (15)

We here employ a simple square wall interaction potential with a short range d0, which is
the order of the particle size. With this approximation we can take [25]

ALL = −vLLvLL, (16)

BLL = −1

3
vLLνLLd2

0 , (17)

CLL = −vLLcLLd0, (18)

where vLL

(= (π/4) L2D
)

is the average excluded volume between the liquid crystals in
random orientations. The interaction parameter vLL(≡ −ULL, 2/kBT > 0) corresponds
to the orientational-dependent (Maier-Saupe) interaction parameter between liquid crystal
molecules for a nematic phase [28]. The chiral interaction parameter cLL(≡ −ULL,1/kBT )
corresponds to the strength of the chirality between liquid crystal molecules and is a
pseudoscalar parameter.

In order to calculate the distortion free energy due to the spatial variation of the director
in a cholesteric phase, we assume that the director is uniformly twisted along z axis with a
pitch p = 2π/q:

n(r) = (cos θ, sin θ, 0), (19)

and the tensor order parameter can be expressed as [2]

Qαβ(r1) = SL

(
3

2
nα(r1)nβ(r1) − 1

2
δαβ

)
, (20)

where S is the scalar orientational order parameter of the liquid crystal:

SL =
∫

P2(n(r) · �)fL(n(r) · �)d�. (21)
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[503]/37

The scalar order parameter does not depend on a position r and the angle θ is a function
of a position z along the pitch axis in our model. We here set the magnetic field H is taken
along y axis:

H = (0,H, 0). (22)

When �χL> 0, the liquid crystal molecules are oriented along the external field.
Substituting Eqs. (20) and (22) into Eqs. (5), (11), and (12), we obtain the free energy of
the cholesteric phase:

Fch = Fani + Fext = Fnem + Fdis, (23)

where we have separated the free energy into two parts for convenience. One is the nematic
free energy of Maier-Saupe type [28]:

a3βFnem/V = φL

nL

∫
fL(n(r) · �)ln[4πfL(n(r) · �)]d� − 1

2
νLLφ2

LS2
L, (24)

and the other is the distortion energy due to the spatial variation of the director in the
presence of the external field:

a3βFdis/V = −1

2
νLLφ2

LS2
L g(Q), (25)

where we define Q ≡ qd0. The function g (Q) contains the spatial variation of the twist
angle and is written as

g(Q) = − Q

8π2

∫ 1/Q

0

[(
∂θ

∂z̃

)2

− 4πQ0

(
∂θ

∂z̃

)
−

(
2π

ζ

)2 (
sin2θ − 1

3

)]
dz̃, (26)

and

ξ 2 ≡ vLLφLSL

2h2
L

, (27)

where we define z̃ ≡ z/(2πd0) and Q0 ≡ cLL/νLL. The value Q0 shows the pitch of the
pure cholesteric phase in the absence of an external field [25]. The value of ξ is the magnetic
coherence length [2]. The external field is given through the parameters h2

L ≡ 3β�χLH 2.

B. Cholesteric Pitch

The cholesteric pitch p(= 2πd0/Q) in an equilibrium state can be derived by minimizing
the distortion free energy Fdis (Eq. (25)). The function θ (z) should satisfy the condition for
minimum Fdis and the corresponding Euler equation is given by

(
ζ

2π

)2 (
∂θ

∂z̃

)2

+ sin2θ = c, (28)
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38/[504] Twist-untwist in Mixtures of a Polymer and a Liquid Crystal

where c is an arbitrary constant. The pitch p of the cholesteric phase satisfying the condition
of a minimum in Fdis is

p =
p∫

0

dz =
1/Q∫
0

2πd0

(
∂z̃

∂θ

)
dθ, (29)

and using Eq. (28) we obtain

1

Q
=

(
2

π

)
ζK(c), (30)

where K(c) is the complete elliptic integral of the first kind:

K(c) =
∫ π/2

0

dθ√
c − sin2θ

. (31)

From the behaveor of K(c), the value of 1/Q clearly diverges as c → 1.
Substituting Eqs. (28) and (31) into (26), we obtain

g(Q) = 1

2ζ 2

(
c − 1

3

)
− Q

(
−Q0 + 2

πζ
E(c)

)
, (32)

where E(c) is the complete elliptic integral of the second kind:

E(c) =
∫ π/2

0

√
c − sin2θdθ, (33)

The constant c can be determined by dg(Q)/dc = 0 and we then obtain

E(c) = π

2
ζQ0, (34)

and

p

p0
= Q0

Q
= 4

π2
K(c)E(c), (35)

where p0 = 2πd0/Q0 is the pitch of a pure liquid crystal in the absence of the external
field. Eq. (35) has been first derived by de Gennes [2].
Substituting Eq. (34) into (32), the function g(Q) for the minimum of the distortion free
energy is given by

g(Q) = 1

2ζ 2

(
c − 1

3

)
, (36)

where the constant c is determined by Eq. (34).
The value of second elliptic integral (33) is larger than 1 and increases with increasing

c from c = 1. When (π/2)ξQ0 > 1, the value of c is determined by Eq. (34) and the pitch
Q of the cholesteric phase is given by Eq. (30). When (π/2)ξQ0 < 1, we have Q = 0 and
c = 1 from Eq. (28). The cholesteric phase is defined by Q > 0 and SL �= 0, the nematic
phase is given by Q = 0 and SL �= 0, and the isotropic phase is defined by Q = SL = 0. The
orientational order parameter is determined by minimizing the free energy as shown in the
next subsection.
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C. Orientational Distribution Function in an Equilibrium State

The orientational distribution function fL(n(r) · �) of the liquid crystals is determined by
the cholesteric free energy (Eq. (23)) with respect to these functions: (δFch/δfL) = 0, under
the normalization condition: ∫

fL(n(r) · �)d� = 1. (37)

We then obtain the distribution function of the liquid crystal molecules:

fL(x) = 1

ZL

exp [nLνLLφLSL(1 + g(Q))P2(x)] , (38)

The constants ZL is determined by the normalization condition as ZL = 4πI0[SL] and the
functions Im is defined as:

Im[SL] ≡
∫ 1

0
[P2(x)]mexp [nLνLLφLSL(1 + g(Q))P2(x)] dx, (39)

where m = 0, 1, 2.
Substituting Eq. (38) into (21), the scalar orientational order parameter SL can be determined
by the self-consistency equations:

SL = I1[SL]/I0[SL], (40)

Using the distribution function, Eq. (38), the free energy (Eq. (23)) of the cholesteric phase
is given by

a3βFch/V = 1

2
νLLφ2

LS2
L(1 + g(Q)) − φL

nL

lnI0[SL]. (41)

The total free energy F (Eq. (1)) of our system is given by the sum of Eqs. (2) and (41).
The chemical potential of the liquid crystal molecule is given by

βμL = β(∂F/∂NL)NP

= nL

[
1

nL

lnφL +
(

1

nL

− 1

nP

)
φP + χφ2

P + 1

2
νLLφ2

LS2
L(1 + g(Q)) − 1

nL

lnI0[SL]

]
,

(42)

and that of the polymer:

βμP = β(∂F/∂NP )NL

= nP

[
1

nP

lnφP +
(

1

nP

− 1

nL

)
φL + χφ2

L + 1

2
νLLφ2

LS2
L(1 + g(Q))

]
. (43)

III. Numerical Results

In this section we show some numerical results of the phase diagrams on the temperature-
concentration plane for the mixtures of a flexible polymer and a cholesteric liquid crystal
under an external field. The coexistence (binodal) curve can be calculated by the standard
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40/[506] Twist-untwist in Mixtures of a Polymer and a Liquid Crystal

Figure 1. (a) Free energy (α3βF/V ) plotted against the concentration φP at τ = 0.96 for hL = 0.012
(b) Orientational order parameter S, wavenumber Q/Q0, and the constant c as a function of φP.

common-tangent construction in the free energy (Eq. (1)) to find coexisting phases of dif-
ferent concentrations. We here take χ/vLL = 0.1. The binodal curves can be also obtained
by solving the two-phase coexistence conditions: the chemical potentials μL and μP of
coexisting phases have to be equal to each other [31].

In the numerical calculation, we here define the reduced temperature

τ ≡ T/TCI = 4.55/(nLvLL), (44)

where TCI shows the cholesteric-isotropic phase transition (CIT) temperature of a pure
liquid crystal in the absence of an external field [25]. The value Q0(≡ cLL/νLL = 2πd0/p0)
is the pitch of the pure liquid crystal and we can estimate as Q0 = 0.01 for the typical pitch
Q0 = 3000 nm and the length Q0 = 30 nm of a liquid crystal molecule. The chiral coupling
parameter between liquid crystals is given as a function of the temperature τ : cLL = Q0vLL.
The dimensionless parameters of the external field is given by hL = (

√
3�χL/kBT )H for

�χL > 0. For numerical calculations, we here take nL = 2, nP = 20.
Figure 1(a) shows the free energy (α3βF/V : solid curve) plotted against the con-

centration φP at τ = 0.96 for hL = 0.012. The dotted line shows the common tangent
line for coexisting phases. Figure 1(b) shows the orientational order parameter SL, wave
number Q/Q0, and the constant c as a function of φP . At low concentrations φP < 0.04,
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[507]/41

Figure 2. Twist angle θ plotted against a position z along the pitch axis for various values of a
constant c.

we have the cholesteric (Ch) phase, where Q > 0(c > 1) and S > 0. On increasing φP , the
Ch phase changes to the nematic (N) phase with Q = 0(c = 1) and S > 0 and the con-
stant c continuously decreases to 1. We find the second- order cholesteric-nematic phase
transition (CNT). Further increasing φP , the orientartional order parameter SL jumps to a
lower value and we have a paranematic (pN) phase (or weak nematic phase): the first-order
nematic-paranematic phase transition (NpNT). As shown in Fig. 1(a), at this temperature
we have the phase separation between the Ch and pN phase (Ch + pN).

From Eq. (28), the profile of the twist angle θ (z) can be calculated by

z

p
= 1

4K(c)

∫ θ

0

dθ√
c − sin2θ

. (45)

Figure 2 shows the twist angle θ as a function of a position z/p for various values of a
constant c. When c = 2 for low external fields, the value of θ lineally changes as a function
of z. As increasing the effect of the external field, the equilibrium value of c decreases (see
Fig. 1(b)), and the profile of the twist angle θ is changed. When c = 1.01, the liquid crystal
molecules favor to align along the filed H and the plateau regions of θ = π /2 and θ = 3π /2
expand. In regions of θ = 0, π , 2π , the twist angle θ is sharply changed as a function of
z, where the unfavorable twist energy is stored. When c = 1, the Ch phase continuously
changes to the N phase.

Figure 3 shows the phase diagram on the temperature (T/TCI)−concentration(φ) plane
in the absence of the external field. The solid curves show binodal line and the black dotted
line corresponds to the CIT line. We have two-phase separation between a cholesteric and
an isotropic phase (Ch + I) below T/TCI = 1. Inside the binodal lines, we have a spinodal
region (horizontal dotted lines), where the free energy becomes unstable.

Figure 4 shows the phase diagram on the temperature-concentration plane in the
presence of a weak external field hL = 0.01. The solid curves are the binodal line, the
dotted line shows the NpNT, and the dashed line is the CNT. The NpNT temperature of
the pure liquid crystal (φP = 0) shifts to higher temperatures because of the external field.
For the weak external field hL = 0.01, the nematic phase appears on the narrow region
between the Ch and pN phases. The CNT and NpNT temperatures decrease with increasing
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Figure 3. Phase diagram on the temperature (T/TCI)− concentration(φP ) plane in the absence of the
external field. Phase separation between a cholesteric and an isotropic phase (Ch + I) appears.

the polymer concentration φP . We find the phase separation (N + pN) between a nematic
and a paranematic phase at 1.025 < τ < 1.03 and the cholesteric-nematic (Ch + N) phase
separations at τ < 1.025. At low polymer concentrations, the stable Ch and N phases
appear. We also have the three phase coexistence (Ch + N + pN) between Ch, N, and pN
phases at T/TCI = 1.025.

Figure 5 shows the phase diagram on the temperature-concentration plane with hL =
0.012. On increasing the strength (hL) of the external field, the CNT temperature shifts
to lower temperatures and the nematic phase appears on a broad region between the pN
and Ch phases. We have the N + pN and Ch + pN phase separations. At τ = 1.0, we
find three-phase coexistence (Ch + N + pN) between Ch, N and pN phases. We also have
the nematic spinodal region (between CNT and NpNT lines) and cholesteric spinodal one

Figure 4. Phase diagram on the temperature-concentration plane in the presence of a weak external
field hL = 0.01.
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Figure 5. Phase diagram on the temperature-concentration plane in the presence of an external field
hL = 0.012.

(below the CNT line) inside the binodal curves. In the nematic spinodal region, it has been
shown that the phase separation is induced by the instability of the orientational ordering
[32]. In the cholesteric spinodal region, however, the instability of the pitch Q will affect
the phase separation dynamics [33]. It will be a challenging subject of phase separations
accompanying cholesteric ordering.

Summary

We have presented a mean field theory to describe phase behaviors in binary mixtures of
a flexible polymer and a cholesteric liquid crystal in the presence of an external magnetic
or electric field. We have calculated the orientational order parameters, the pitch of the
cholesteric phase, and the phase diagrams on the temperature-concentration plane. It is
found that in the presence of the external field the CNT and NpNT take place in the mixtures,
depending on temperature and concentration. The CNT exists at lower temperatures and
at lower concentrations of the NpNT line. On increasing the strength of the external field,
the CNT temperature shifts to lower temperatures and the nematic phase appears between
the pN and Ch phases. We predict Ch + N, N + pN, and Ch + N phase separations on
the temperature-concentration plane. We also find the nematic spinodal and cholesteric
spinodal regions, which will be an important in phase separation kinetics.
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Appendix A: Free Energy in the Absence of an External Filed

In this Appendix, we derive the free energy in the absence of the external field. When
hL = 0, Eq. (26) is given by

g(Q) = − Q

8π2

∫ 1/Q

0

[(
∂θ

∂z̃

)2

− 4πQ0

(
∂θ

∂z̃

)]
dz̃, (A1)

and using θ = qz we obtain

g(Q) = 1

2

[
Q2

0 − (Q − Q0)2
]
. (A2)
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Then the equilibrium value of the pitch is given by (dg/dQ)T = 0 and then we obtain Q =
Q0 and

g(Q) = 1

2
Q2

0. (A3)

Substituting Eq. (A3) into Eq. (41), we obtain the cholesteric free energy for hL = 0:

a3βFch/V = 1

2
νLLφ2

LS2
L

(
1 + 1

2
Q2

0

)
− φL

nL

lnI0[SL], (A4)

The pitch is given by Q0 = cLL/vLL in our model. If the interaction parameters have
entropic and energy terms, we may set cLL = A + B/T and vLL = C + D/T , where A, B,
C, D are constants.

Appendix B: Critical Field

The critical field strength
(
hc

L

)
, where the pitch p tends to be infinity, or Q = 0, is given by

E(1) = 1 in Eq. (34):

hc
L = π

2
Q0

√
1

2
νLLφLSL. (B1)

When hL < hc
L, we have the cholesteric phase, while hL < hc

L the untwisting of the
cholesteric phase takes place and the nematic phase appears. The term in the distortion
free energy (Eq. (25)) proportional to g(Q) can be identified as a bare twist elastic constant
(K22) and we then obtain

K̃22 = 1

2
νLLS2

Lφ2
L, (B2)

where K̃22 ≡ a(K22/kBT ). Using the twist elastic constant, we obtain the critical value
(B1) of the external field for the mixtures:

hc
L = π

2
Q0

√
K̃22

φLSL

. (B3)
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